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Abstract: This study explores the nanofluid’s flow and heat transfer over a stretching surface, considering the influence 
of a Darcy-Forchheimer porous medium and an external magnetic field. Moreover, thermal radiation effects, heat 
source/sink impacts, and second-order slip boundary conditions are incorporated into the problem. The nanofluid 
is developed by dispersing copper (Cu) or alumina (Al2O3) nanoparticles into a water (H2O) base fluid. Appropriate 
similarity transformations are applied to convert the controlling equations into ordinary differential equations. This 
study’s novelty lies in the homotopy perturbation method (HPM) used to solve the resultant highly nonlinear coupled 
differential equations analytically. The effects of several relevant factors are thoroughly examined using graphs and 
tables for skin friction, temperature, velocity, and heat transfer rate. The findings demonstrate that raising the magnetic 
parameter significantly increases the skin friction coefficient while lowering the heat transmission rate. The results 
show that raising the volume percentage of copper and alumina nanoparticles enhances the skin friction coefficient. 
Nusselt numbers are found to reduce with thermal radiation and thermal slip parameters for both nanofluid flows. This 
investigation has applications in paper manufacturing, metal sheet cooling, and crystal growth. In high-temperature 
industrial applications, radiation heat transfer research is critical.

Keywords: nanofluid, stretching surface, darcy-forchheimer, thermal radiation, magnetic field, second order velocity 
slip, thermal slip, homotopy perturbation method (HPM)

Nomenclature
A, A1	 First order velocity slip parameter
B, B1	 Second order velocity slip parameter
Br 		  Brinkman number
Cp		  Specific heat, (J·Kg-1·K-1)
Cf		  Coefficient of skin-friction 
F*		  Darcy-Forchheimer medium 
Fr		  Forchheimer number
L		  Reference length 
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k*		  Porous medium 
M		  Magnetic parameter
Nux		 Nusselt number 
Pr		  Prandtl number
P		  Porous parameter
qr		  Thermal radiative heat flux (W·m-2)
Q		  heat source/sink joule (J)
Rd		  thermal radiation parameter
Re		  Reynolds number
R		  heat source/sink parameter
Rex		 Local Reynolds number
Cf		  Coefficient of heat transfer
S		  Suction/injection parameter
Tw		  Temperature of surface (K)
T		  Temperature of fluid (K)
T∞		  Temperature at free-stream (K)
uw(x)	 shrinking surface velocity (m/s)
u, v		 Fluid velocity components (m/s)
x, y		 Cartesian coordinates

Greek letters

ϕ0		  Nanoparticles’s volume fraction
η		  Similarity variable
K*		  Coefficient of mean absorption (m-1)
k		  Thermal conductivity (W·m-1·K)
μ		  Viscosity (kg·m-1·s-1)
ρ		  Density of fluid (kg·m-3)
ρ(Cp)	 Heat capacity (J·K-1·m-3)
ξ		  Stretching/shrinking parameter
θ(η)	 Dimensionless temperature

Subscripts

f		  Base fluid
nf		  Nanofluid

1. Introduction
Due to its many applications in engineering and industry, heat transfer improvement over stretching or shrinking 

surfaces has attracted much interest lately. The study of flow and heat transfer of viscous fluid over a continuously 
stretching surface in an otherwise quiescent fluid medium has attracted considerable attention. This is owing to the 
applications of such a problem in many important practical applications in engineering and industrial processes, such 
as the extrusion of a polymer in a melt-spinning process, continuous casting of metals, the aerodynamic extrusion of 
plastic sheets, the cooling of metallic sheets or electronic chips and many others. The resulting flow over a continuous 
stretching surface extruded from a slit may be modelled as a boundary layer developing away from silt. Following the 
pioneering work of  Sakiadis, most theoretical investigations in this field described fluid flow and heat transfer near 
the continuous stretching surface with the aid of similarity solutions to the boundary layer equations.1 Later, Tsou et al. 
made an experimental and theoretical study, which experimentally determined the heat transfer rates for certain Prandtl 
numbers and confirmed that the flow field obtained by Sakiadis was broadly realized experimentally.2 In recent years, 
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the boundary layer flow due to a shrinking sheet has attracted many researchers because of its useful applications. 
Later, Crane considered the flow problem over a linearly stretching sheet in an ambient fluid and gave a similar solution 
in closed analytical form for the steady two-dimensional problem.3 Shrinking surfaces is also a common application 
of shrinking sheet problems in engineering and industries. Shrinking film is very useful in packaging bulk products 
because it can be unwrapped easily with adequate heat. Heat transfer fluids, such as water, paraffin oil, diathermic oil, 
ethylene glycol, naphthenic mineral oil, vegetable oil, etc., are used as cooling fluids in most applications. Mandal and 
Pal  investigated shrinking or stretching surfaces under various conditions.4-7

Heat transmission is minimized by these typical fluids’ low thermal conductivity. Therefore, introducing 
nanoparticles into the base fluid to produce a nanofluid combination is a novel way to enhance heat transmission 
in fluids. Choi and Eastman were the ones who first introduced it.8 Compared to ordinary fluids, nanofluids have 
substantially more excellent thermal conductivity. Therefore, nanofluids are widely employed for many different 
applications, including biomedicine, electronic device cooling, nuclear cooling, and cooling of automobiles and 
machinery. As a result, several researchers have used numerical and experimental methods to examine the behaviours 
and characteristics of nanofluids in various contexts. For instance, a mathematical model of nanofluids has been 
presented by Tiwari and Das to study the behaviour of nanofluids while considering the impacts of solid volume 
fractions of nanoparticles.9 The homotopy perturbation approach was used to solve the governing equations. Magyari 
and Keller investigated heat transfer and boundary layer flow caused by an exponentially stretched continuous surface.10 
Zhang et al. demonstrated that the suspension of hybrid nanoparticles caused a thermal increase in a porous media.11 
Sajjan et al. worked with ternary nanoparticles of different densities, morphologies, and conductivity characteristics 
in their experiments.12 Rehman et al. addressed the significance of Casson dusty nanofluid in the presence of Darcy-
Forchheimer medium, a magnetic field subject to a stretched surface.13 Kumar et al. concentrated on linear and quadratic 
convection for hybrid nanoparticles.14 Raju et al. investigated the nonlinear motions of ternary hybrid nanofluids in 
thermally radiated expanding or contracting permeable Darcy Walls.15

The majority of the studies above have made use of the no-slip condition. However, when fluid flows in the micro 
electro mechanical system (MEMS), the no-slip requirement at the solid-fluid interface is no longer relevant. Mixed 
convection boundary layer flow with temperature slip boundary conditions in a porous media was examined by Merkin 
et al.16 Numerous scholars have studied the fluid flow for various characteristics in a slip flow regime.17-24 To discover 
the analytical solution for a nonlinear ordinary and partial differential equation or a linked nonlinear system of partial 
differential equations, the Homotopy perturbation technique (HPM) was created lately. Many scholars have used this 
method as an example in their separate fields of study since it simplifies and expedites the computation of analytical 
findings compared to other analytical techniques. He did the ground breaking work by the help of homotopy perturbation 
method.25-27 The motion of a nanofluid’s thin film with heat transfer was solved using the HPM method by Nabil et al.28 
The homotopy perturbation method for couple stresses effect on MHD peristaltic flow of a non-Newtonian nanofluid 
was also used by Mohamed et al.29 Several researchers have used this technique in various fields of mathematical and 
engineering studies since it simplifies the calculations of analytical results compared to other analytical methods.30-32

My goal in this work is to examine the boundary layer of Cu-water and Al2O3-water nanofluid flow and heat 
transfer caused by an exponentially expanding permeable sheet when magnetic field, thermal radiation, second-order 
velocity, and thermal boundary conditions are present. The governing PDEs were reduced to a set of nonlinear ODEs 
using the proper similarity transformations. HPM is used to provide analytical solutions for the momentum and energy 
equations. Analytical and pictorial discussions on the effects of the problem’s numerous parameters were held to manage 
the fluid’s motion.

The novelty and primary contribution of this work is
(1) To examine the effects of magnetic field, thermal radiation, and heat generation in the existence of second-order 

velocity slip and thermal conditions at the surface of the exponentially stretching surface.
(2) To compare the effectiveness of two types of flow models (Cu-water and Al2O3-water) by analyzing velocity, 

temperature, skin friction coefficient, and Nusselt number over an exponential stretching sheet.
(3) To analyze the Homotopy Perturbation Method for finding stable solutions for transformed ordinary differential 

equations.
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2. Mathematical formulation
The study examines a continuous, incompressible nanofluid slip flow boundary layer that passes an exponentially 

permeable stretching sheet through a Darcy-Forchheimer porous medium. The flow velocity of the nanofluid is 
considered to be u  in the x direction (see Figure 1). Alternatively, velocity v  in the y direction, normal to the x-coordinate 
(Figure 1). /

0( ) x L
wu x u e=  is the velocity of the deformable surface and /2

0( ) x L
wv x v e= ( 0 0v <  indicates mass removal, 

0v  > 0 indicates mass injection) is the constant mass flux velocity. ξ > 0, < 0, = 0 denotes a stretched surface, a 
shrinking surface, and a stationary surface, respectively. Additionally, the flow zone plane y = 0 is generally controlled 
by an applied magnetic field / 2

0
x LB B e=  of constant strength 0B . The impressed electric and induced magnetic fields 

are ignored here due to low Renold’s number. A changing wall temperature is assumed so that / 2
0

x L
wT T T e∞= +  with 

constant ( )0 0,  wT T T∞> >  indicates a heated sheet for supporting flow and ( )0 0,  wT T T∞< <  indicates a cooled sheet 
for opposing flow. The thermal conductivity of the nanofluid is expected to change linearly with temperature, T . As 
temperature, nanoparticle type, pressure, etc., increase, the thermal characteristics of the nanofluid alter dramatically. 
Lastly, the Rosseland approximation is used for the radiation effects, radiative heat transfer is considered, and the 
nanofluid is considered optically thick. The base fluid and the nanoparticle are assumed to be in thermal equilibrium. 
The linked boundary layer continuity, momentum, and energy equations, including boundary conditions, are constructed 
as follows under all of the assumptions above:21
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Figure 1. Flow configuration
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0,   as yu T T∞→ → →∞ (5)

The heat production rate constant /
0

x LQ Q e= , and the temperature slip factor that depends on x is /2
1

x LC ce= .33,34

The slip u  has the following form:

(6)( )
3 2 2 2

4 2 2
slip 0 0 1 12 2 2

2 3 3 1 1 2 1
3 2 K 4  Kn n

l l u u u uu l l A B
y yy y

α γ γ
α

  − − ∂ ∂ ∂ ∂
= − − + − = +   ∂ ∂∂ ∂   

Where 
n

1min ,  1
K

l
 

=  
 

, 1min ,  1 ,  (0 1)
n

l
K

α α
 

= ≤ ≤ 
 

 is the momentum accomodation co-efficient and ( )0 ( 0) nKγ > (Kn) is the mean 

free path. Hence for any Kundsen number (Kn), ( ) 1 1,  0 and 0.Kn A B> < . When using the Rosseland approximation (Magyari 
and Pantokratoras) to gray/optical thick media, the formula for the net radiation heat flow rq  may be used to simulate an 
isotropic diffusion process.35

* 4

*

4
3Kr

Tq
y

σ ∂
= −

∂
(7)

Here 4T  can be expanded as Taylors series about T∞ and neglecting the higher order terms, we have

(8)4 3 44 3 ,T T T T∞ ∞≈ −

To non-dimensionalize those above, the Eqs. (1)-(5), the following similarity variables are introduced:36

(9)/2 /2 0
02 ( ),  ,  ,  ( ) ,  ,

2
x L x L

f
w f

uT Te v Lu g u v ye
y x T T v L
ψ ψψ η θ η η∞

∞

−∂ ∂
= = = = =

∂ ∂ −

With transform Eqs. (2)-(3) into the non-dimensional subsequent equations, before gratifying Eq. (1)

( )
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′′′ ′′ ′ ′+ − − =

 
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′′ ′ ′+ − + =

(10)

(12)

(11)

(13)

Where A4, E1, F1, L1, and L2 are constants (see in the Appendix).
With subjected boundary conditions:

(14)

(15)

(0) ,  (0) (0) (0),  1  at 0

0,  0 as 

g S g Ag Bg C
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ξ θ θ η

θ η
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In this case, we take into account 1ξ =  due to the stretching sheet. Additionally, the following new physical 

parameters are defined: wall mass flux transfer parameter 0
0 2

fv u
S S v

L

 
 = −
 
 

, first order velocity slip parameter 

/20
1 2

x L

f

u
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v L

 
 =
 
 

, second order velocity slip parameter /20
1 2

x L

f

u
B B B e

v L

 
 =
 
 

, thermal slip parameter 0
1 2 f

u
C C C

v L

 
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*

*
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0

0

2

p f

Q L
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.  

The thermophysical properties of nanoparticle and base fluids as are provided in Table 1.

Table 1. Thermophysical properties of nanoparticle and base fluids as follows38

Physical properties Water Cu Al2O3

p  (J/kgK) C 4,179 385 765
3 (kg/m )ρ 997.1 8,933 4,250

 (w/mK)κ 0.613 400 40

 ( /m)σ Ω 0.05 59.6 × 104 35 × 104

 (Pa s)µ ⋅ 10-3

To have similar solutions, the quantities A and B must be constants and it is possible if the mean free path of the 
nanoparticles 0γ  is proportional to /2x Le . We therefore assume /2

0
x Ldeγ −= . Where d is the proportionality constant.

Physical characteristics of nanofluid density nfρ , heat capacitance ( )p nf
Cρ , thermal conductivity Knf, electrical 

conductivity nfσ , and dynamic viscosity nfµ , are as follows:37

( ) ( ) ( )( ) ( )

( )
( ) ( ) ( )

0 0 0 0

0
2.5

0 0

1 ,  1 ,

2 2
,  ,  ,

2 2 1

nf f s p p pnf f s

s f f s nf f
nf f nf nf

s f f s p nf

C C C

C

ρ φ ρ φ ρ ρ φ ρ φ ρ

κ κ φ κ κ κ µ
κ κ σ µ

κ κ φ κ κ ρ φ

= − + = − +

 + − −
 = = =

+ + −  − 

3. Solution with homotopy perturbation method
The homotopy perturbation method (HPM) is a spectrum extension method used in a solution of both non-linear 

partial and ordinary differential equations. The method appoints a homotopy modify to generate an approximate series 
solution of differential equations. According to the HPM, the homotopy  form of Eqs. (11) and (13) are constructed as 
follows:38

(16)

(17)

( )

( ) ( )

2
1 4 1 1

2 1 2

(1 ) 0

(1 ) 0

q g F g q g A gg E g F g

q L q L g g Lθ θ θ θ θ θ

′′′ ′ ′′′ ′′ ′ ′ − − + + − − = 

′′ ′′ ′ ′− + + + − + =  
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We consider g and θ  as following:

2
0 1 2

2
0 1 2

g g qg q g

q qθ θ θ θ

= + + +…

= + + +…

(18)

(19)

Substituting Eq. (18) into Eq. (16) and equating the like terms and neglecting higher order of q, we find

0 1 0

2
1 1 1 4 0 0 1 0

0

0

g F g

g F g A g g E g

′′′ ′− =

′′′ ′ ′′ ′− + − =

(20)

(21)

The corresponding boundary conditions are

(22)

(23)

0 0 0 0 0

1 1 1 1 1

(0) ,  (0) (0),  ( ) 0

(0) ,  (0) (0),  ( ) 0

g S g Ag Bg g

g S g Ag Bg g

ξ

ξ

′ ′′ ′′′ ′= = + + ∞ =

′ ′′ ′′′ ′= = + + ∞ =

Substituting Eq. (19) into Eq. (17) and neglecting higher order of q, we find

(24)

(25)

0 2 0

1 2 1 1 0 0 1 0 0

0

0

L

L L g L g

θ θ

θ θ θ θ

′′ + =

′′ ′ ′+ + − =

The corresponding boundary conditions are

0 0 0

1 1 1

(0) 1 (0),  ( ) 0

(0) (0),  ( ) 0

C

C

θ θ θ

θ θ θ

′

′

= + ∞ =

= ∞ =

(26)

(27)

Solving Eqs. (20)-(21) and (24)-(25) with boundary conditions (22)-(23) and (26)-(27) respectively,
We have

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 1

1 1 1 1 1 1

1 1

0 1 2 3

2 2
1 4 5 6 10 11 12 13 14

0 1

0 7 2 8 2

1 9 2 10 2 25 2 26 2

27 2 29 2 3

( ) ( ) ( )

cos sin

cos sin cos sin

      cos cos

F F

F F F F F F

F F

g d d e d e

g d d e d e h e h e h e h e h

g g qg

d L d L

d L d L d L d L

d e L d e L d

η η

η η η η η η

η η

η η η

η η η

θ η η

θ η η η η η η

η η

−

− − −

−

= + +

= + + − − + − +

= +

= +

= + +

+ + + ( )1
0 2sinFe Lη η

(28)

(30)

(29)

(31)
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( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 1

1 1 1 1 1 1

1 1

0 1 2 3

2 2
1 4 5 6 10 11 12 13 14

0 1

0 7 2 8 2

1 9 2 10 2 25 2 26 2

27 2 29 2 3

( ) ( ) ( )

cos sin

cos sin cos sin

      cos cos

F F

F F F F F F

F F

g d d e d e

g d d e d e h e h e h e h e h

g g qg

d L d L

d L d L d L d L

d e L d e L d

η η

η η η η η η

η η

η η η

η η η

θ η η

θ η η η η η η

η η

−

− − −

−

= + +

= + + − − + − +

= +

= +

= + +

+ + + ( )1
0 2sinFe Lη η

0 1( ) ( ) ( )qθ η θ η θ η= + (33)

The constant co-efficient, can be calculated using boundary condition η = ∞ were replaced by those at 5η =  in 
accordance with standard practice in the boundary layer analysis. If 1q → , we find the approximate solution of Eqs. (16) 
and (17). The constant coefficients are defined in the Appendix.

4. Physical quantities
The physical characteristics of interest, such the shear stress coefficient, drag force, and heat flux, have many uses 

from a scientific and engineering standpoint. According to Mandal,37 the following are the mathematical equations for 
the material important quantities in flow and heat transfer of nanofluid flow skin-friction coefficient Cf and Nusselt 
Number Nux:

( )

* 4

*
0

2
0

4
3K

,  
nf

nf y
f x

f w f fy

T T
y yuC Nu

yu T T

σκ
µ
ρ κ

=

∞=

   ∂ ∂
− + −   ∂ ∂      ∂

= = ∂ − 

(34)

Finally the skin-friction coefficient and local Nusselt number can be expressed as

1/2 / 1/2(2Re) (0),  2 / Re (0)nf nfx L
f x x d

f f

e C g L x Nu R
µ κ

θ
µ κ

−
 

′′ ′= = − +  
 

(35)

Where Re ( ) /  w fu x L v=  is the Reynolds number and Re ( ) /x w fu x x v=  is the local Renolds number.

Table 2. Comparison of Skin friction with different values of parameters

S M (Cu-water nanofluid) (Al2O3-water nanofluid)

2.0 0.1 2.401667595 1.999551177

2.5 0.1 2.609520197 2.153046131

3.0 0.1 2.817372322 2.306540966

3.5 0.1 3.025225401 2.460036512

2.0 0.1 2.401667595 1.999551177

2.0 0.2 2.332629681 1.955947161

2.0 0.3 2.271768570 1.917825580

2.0 0.4 2.217599630 1.884155512

(32)
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Table 3. Comparison of Skin friction with different values of parameters

P φ0 (Cu-water nanofluid) (Al2O3-water nanofluid)

1.0 0.1 2.401667595 1.999551177

2.0 0.1 1.962006450 1.728705525

3.0 0.1 1.758499861 1.608521223

4.5 0.1 1.636095762 1.536658645

1.0 0.01 2.038030863 1.986933589

1.0 0.02 2.092796564 1.993190527

1.0 0.03 2.143735409 1.998144269

1.0 0.04 2.234545469 2.004297256

Table 4. Change of Nusselt number with different values of parameters

Pr Rd (Cu-water nanofluid) (Al2O3-water nanofluid)

0.3 0.1 0.528959930 0.530804753

0.62 0.1 0.903821111 0.907984376

0.8 0.1 1.125456929 1.131138802

1.0 0.1 1.382516503 1.390124083

0.62 0.1 0.903821111 0.907984376

0.62 0.2 0.855118275 0.858488977

0.62 0.3 0.812708914 0.815452039

0.62 0.4 0.775443733 0.777682662

Table 5. Change of Nusselt number with different values of parameters

R C (Cu-water nanofluid) (Al2O3-water nanofluid)

0.1 0.1 0.903821111 0.907984376

0.2 0.1 0.868944287 0.873060882

0.3 0.1 0.834070802 0.838339388

0.4 0.1 0.803909004 0.808961153

0.1 0.1 0.903821111 0.907984376

0.1 0.2 0.883838236 0.888033509

0.1 0.3 0.864540398 0.868761897

0.1 0.4 0.845895946 0.850138843

5. Results and discussion
This part explores the significance of calculated findings for the current study and evaluates the solutions in the 

nanofluid. Furthermore, Tables 2-5 provide a tabular study of particular factors about the skin-friction coefficient and the 
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local Nusselt number, while Figures 2 show velocity and temperature profile graphs. The default values of the governing 
parameters are ϕ0 = 0.1, Fr = 1.0, Rd = 0.1, M = 0.1, S = 2.0, A = 0.1, B = -0.1, C = 0.1, R = 0.1, Pr = 0.62. Table 2 shows 
the skin-friction coefficients for Cu-water and Al2O3 -water nanofluids for various values of the suction parameter and 
magnetic field parameter M. Skin friction increases with increasing suction parameter S but decreases with magnetic 
parameter M for both types of nanofluids. Table 3 further demonstrates that the skin friction coefficient decreases 
with the porosity parameter P in both types of nanofluids. Skin friction in Cu-water and Al2O3 nanofluid are increased 
by nanoparticle volume fraction. Table 4 is designed to determine the Nusselt number for Cu-water and Al2O3 -water 
nanofluids for different values of Prandtl number Pr and thermal radiation parameter Rd. For both types of nanofluid, 
the Nusselt number grows with the Prandtl number Pr but decreases with the thermal radiation parameter Rd. Table 5 
indicates that the heat production parameter R and the thermal slip parameter C lower the Nusselt number in both types 
of nanofluids.

Figure 2a depicts the effects of nanoparticle volume fraction ϕ0 on the velocity profile of the Cu-water and Al2O3 

-water nanofluids across the stretching plate. It is fascinating to notice that velocity profiles of Cu-water and Al2O3 

-water both reduce when ϕ0 gets a higher value. Figure 2b shows how the nanoparticle volume fraction ϕ0 affects the 
temperature profile. We see that when the nanoparticle volume fraction increases in both Cu-water and Al2O3-water 
nanofluids, the temperature profiles climb. The nanoparticles have the physical ability to absorb energy in the form of 
heat. The temperature rises when more nanoparticles are confined at once because more energy is used. More collisions 
with suspended nanoparticles produce scatter energy in the form of heat as the number of collisions with particles rises. 
Figure 2c shows how the velocity parameter for Cu-water andAl2O3 -water nanofluid is affected by varying magnetic 
parameter M values. It shows that the hydrodynamic velocity increases as M increases. The Lorentzforces provide a 
greater amount of surface tension. The fluid velocity might increase for the velocity profile as a result of this increased 
magnetic field, producing a drag force that operates against the fluid’s speed. The velocity profile of both types of 
nanofluids is amplified by an increase in the porosity parameter P, as seen in Figure 2d. The relative graph illustrating 
how the suction/blowing parameter S varies and affects velocity fields for Cu-water and Al2O3 -water nanofluid is 
shown in Figure 2e. We see that velocity decreases for both kinds of nanofluids in Figure 2e. This is because the flow 
approaches the boundary layer as mass suction increases. Consequently, the velocity boundary layer’s thickness assumes 
the form of a thinner layer.

As seen in Figure 2f, the medium’s porosity and drag coefficient increase with the Forchheimer number, creating 
greater resistive forces and decreasing fluid velocity for both Cu-water and Al2O3 -water nanofluid. When the first-
order and second-velocity slip parameters (A and B) are increased, the velocity profiles are decreased for the hybrid  
nanofluid, as shown in Figures 2g-h. It can be shown that for both types of nanofluids, the velocity profile must decrease 
close to the sheet’s surface while increasing away from it as the first and second-order slip parameters rise. Physically, 
more flow can slide through the surface and increase flow velocity when slip velocity across the stretched sheet’s border 
lowers flow resistance. In order to increase the flow velocity, a high degree of velocity slip is necessary, and vice versa. 
For water-based Cu and Al2O3 nanoparticles, Figure 2i shows the impact of the thermal slip parameter C throughout 
the temperature profile. We find that when the thermal slip parameter C increases, the temperature profiles decrease. If 
thermal slip is managed properly, the necessary heat transfer performance may be achieved.

The effects of the heat production parameter R on the temperature profile of two different kinds of nanofluid are 
shown in Figure 2j. As the heat production parameter increases, so does the fluid temperature. Conduction of heat 
from the surface into the fluid is physically accelerated by an increase in heat-generating characteristics brought on 
by a temperature increase. Figure 2k illustrates how the temperature field of both Cu-water and Al2O3-water nanofluid 
is affected by thermal radiation Rd. According to this figure, a higher estimate of Rd causes the fluid temperature 
to increase, and the physical basis for its increased thermal radiation suggests Rosseland radiative absorptive K* 
diminutions. Consequently, the radiative heat flux intensifies the thickness of the thermal boundary layer. As the Prandtl 
number Pr for both nanofluids increases, the temperature profile decreases, which can be seen in Figure 2m. The thermal 
boundary layer becomes thinner as the Prandtl number rises. Momentum diffusivity divided by thermal diffusivity is 
known as the Prandtl number. The relative thickness of the momentum and thermal boundary layers in heat transfer 
issues is governed by Pr.
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Figure 2. Velocity and temperature profiles against ηfor different values of parameters

6. Conclusions
This paper discusses the flow and heat transfer analysis of Cu-water and Al2O3-water nanofluid in an external 

magnetic field, thermal radiation, and heat production caused by an exponentially stretched surface. Second-order 
velocity slip and thermal slip are also considered boundary conditions. Similarity transformations convert the governing 
partial differential equations into a collection of nonlinear ordinary ones. A homotopy perturbation technique is used to 
obtain analytical solutions for that system of equations. A graphic discussion of the velocity and temperature expressions 
has been presented.

The following findings have been discovered:
(i) The local Nusselt number increases as the Prandtl number increases, although the thermal radiation parameter 

shows the opposite tendency. For both varieties of nanofluid, the local Nusselt number is decreased by raising the heat 
source and thermal radiation.

(ii) The suction parameter augments, but the magnetic field and porous parameter decline the skin friction 
coefficient.

(iii) The increment of the magnetic field, first and second-order velocity parameters, and porous parameters 
intensifies the fluid velocity. Still, it diminishes the suction parameter and Forchheimer number for both types of 
nanofluid.

(iv) The temperature profile can enhance the thermal radiation parameter, but it diminished with the increment of 
thermal slip and heat source parameter.

(vi) Nanoparticle volume fraction increases the temperature profile for both kinds of nanofluid, but it reduces the 
velocity profile of both Cu-water and Al2O3-water nanofluid.

The present work can further be extended to include mass transfer with chemical reaction, non-uniform heat/
source-sink, and many other advanced features in the boundary layer flow problems.
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7. Applications
There are important applications in engineering, chemistry, and physics. Examples include metallurgy, which 

employs hydro-magnetic methods, and the polymer industry, which deals with the stretching of plastic sheets. More 
specifically, many metallurgical processes include dragging continuous strips or filaments through a quiescent fluid 
to cool them; sometimes, the drawing process involves stretching the strips. One may discuss drawing, annealing, 
and thinning copper wire. In each of these cases, the desired feature and the rate at which such strips are cooled in an 
electrically conducting fluid exposed to a magnetic field have a significant impact on the final product’s properties. 
Additionally, nanofluids are employed in heat exchangers, solar water heating, biomedicine, microelectronic chip 
cooling, diesel engine productivity enhancement, and automobile engine freezing.
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